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I. MATHEMATICAL DERIVATIONS
In the primary article, we have stated that the Laguerre-
Gaussian (LG) function is the eigenfunction of the fractional
Fourier transform (FRFT) with eigenvalue exp[−i(2p+|`|)pi].
We mention that the beam size of the LG modes should satisfy
λf˜/pi = w20 in order to remain invariant after the FRFT.
A. Eigenvalue of the Laguerre-Gaussian funciton
In this section we derive an expression for the eigenvalue of
the LG function for the FRFT, which can be expressed as
Fa[LGp`(r0, θ0)] = exp[−i(2p+ |`|)a]LGp`(r, θ) (1)
The proof of this expression can be attained by using the rela-
tion between the LG function and the Hermite-Gaussian (HG)
function. It is well known that the LG function can be decom-
posed to the HG function as follows [1]
LGp`(r, θ) =
N=m+n∑
k=0
ikbn,m,kHGN−k,k(x, y) (2)
where bn,m,k is a constant determined by n,m and k, and its
definition is
bn,m,k =
√
(N − k)!k!
2Nn!m!
1
k!
dk
dtk
[(1− t)n(1 + t)m]t=0 (3)
where the relation between indices m, n and p, ` is given by
p = min(m,n), ` = m− n and 2p+ |`| = m+ n. Since the
HG function is the eigenfunction of the FRFT [2]
Fa[HGmn(x0, y0)] = exp[−i(m+ n)a]HGmn(x, y) (4)
we can use Eq. (2) to decompose the LG function to the
HG function, and then transform the resulting HG functions
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through Eq. (4). Then we can derive the transformed LG func-
tion, which can be expressed as
Fa[LGp`(r0, θ0)]
= Fa
[
N=m+n∑
k=0
ikbn,m,kHGN−k,k(x0, y0)
]
=
N=m+n∑
k=0
ikbn,m,kFa[HGN−k,k(x0, y0)]
=
N=m+n∑
k=0
ikbn,m,k exp(−iNa) · HGN−k,k(x, y)
= exp[−i(2p+ |`|)a]LGpl(r, θ)
(5)
which is the proof to Eq. (1).
B. Beam waist radius of the Laguerre-Gaussian mode
Previously we have mentioned that a single lens can per-
form the FRFT along with a free space propagation. However,
only the LG beam of a specific beam waist radius can remain
invariant after the FRFT. The beam waist radius should satisfy
the condition λf˜/pi = w20 , and the derivation is presented as
follows.
Assume the optical field on the initial plane is u0(x0, y0)
and the field on the final plane is u(x, y). The field propa-
gates a distance of z, goes through a lens of focal length f ,
and propagates another z again. By Fresnel propagation, the
relation between u0(x0, y0) and u(x, y) is [3]
u(x, y) ∝ exp
[
ipi
λf˜ tan a
(
x2 + y2
)] ∫∫
dx0dy0u0(x0, y0)
× exp
[
ipi
λf˜ tan a
(
x20 + y
2
0
)]
exp
[
− 2ipi
λf˜sin a
(xx0 + yy0)
]
(6)
where f = f˜/sin a, z = f˜ tan(a/2) and we have omitted
the normalization factor. By defining the variables X =
x
/√
λf˜/2pi, Y = y
/√
λf˜/2pi, X0 = x0
/√
λf˜/2pi and
Y0 = y0
/√
λf˜/2pi, we can rewrite the equation and express
2it as
u(x, y) ∝ exp
[
i
2tan a
(
X2 + Y 2
)] ∫∫
exp
[
i
(
X20 + Y
2
0
)
2tan a
]
× u0
√λf˜
2pi
X0,
√
λf˜
2pi
Y0
 exp [− i(XX0 + Y Y0)
sin a
]
dX0dY0
(7)
Comparing to definition of the two-dimensional FRFT [2]
Fa[u0(x0, y0)] = 1− icot a
2pi
∫∫
dx0dy0u0(x0, y0)
× exp
[
i
(
x2 + y2
2tan a
− xx0 + yy0
sin a
+
x20 + y
2
0
2tan a
)] (8)
we could readily check that u(x, y) can be represented in the
form of the FRFT as
u(x, y) ∝ FaX0→X,Y0→Y
u0
√λf˜
2pi
X0,
√
λf˜
2pi
Y0

(9)
The subscript X0 → X,Y0 → Y means that the FRFT is
mapping the new variables X0, Y0 to X and Y , respectively,
not acting on the original x and y. Now assume the incident
beam is a LG beam of the beam waist radius w0. So we can
express it as
u0(x0, y0) = LGp`
(
r0
w0/
√
2
, θ
)
∝ 1
w0
(
r0
w0/
√
2
)|`|
× exp
[
−1
2
(
r0
w0/
√
2
)2]
L|`|p
((
r0
w0/
√
2
)2)
exp(i`θ)
(10)
Here we ignore the normalization factor. We can play the
same trick to decompose the LG function to the HG function
as
u0(x0, y0) = LGp`
(
r0
w0/
√
2
, θ
)
=
N=m+n∑
k=0
ikbn,m,kHGN−k,k
(
x0
w0/
√
2
,
y0
w0/
√
2
)
=
N=m+n∑
k=0
ikbn,m,kHGN−k,k

√
λf˜/2pi
w0/
√
2
X0,
√
λf˜/2pi
w0/
√
2
Y0

=
N=m+n∑
k=0
ikbn,m,kHGN−k,k

√
λf˜/pi
w0
X0,
√
λf˜/pi
w0
Y0

(11)
where p = min(m,n) and ` = m − n. Clearly, if we have√
λf˜/piw20 = 1, or equivalently λf˜/pi = w
2
0 , then the field
on the final plane can be simplified to
u(x, y) ∝
N=m+n∑
k=0
ikbn,m,kFaX0→X,Y0→Y [HGN−k,k(X0, Y0)]
=
N=m+n∑
k=0
ikbn,m,kexp(−iNa)HGN−k,k(X,Y )
= exp(−iNa)
N=m+n∑
k=0
ikbn,m,kHGN−k,k
(
x
w0/
√
2
,
y
w0/
√
2
)
= exp[−i(2p+ |`|)a]LGp`
(
r
w0/
√
2
, θ
)
(12)
We could readily see that the field on the final plane is a LG
beam with the same beam waist radius w0 as long as the con-
dition λf˜/pi = w20 is satisfied. In our experiment, we choose
the order of the FRFT to be a = pi/4, and the lens focal length
to be 30 cm. Using this condition, the beam waist radius is
calculated to be w0 = 207 µm.
C. Comparison between the cascading and multi-channel
interferometer
In this section, we compare the cascading interferometer
presented in the manuscript and the multi-channel interferom-
eter proposed in Ref. [4] in terms of complexity, flexibility
and practicality.
(1) A big advantage of the cascaded scheme is that it has a
simpler structure for high dimensional system. In the multi-
channel interferometer shown in the Fig. 1 in the primary arti-
cle, there are two quantum F -gates which can be implemented
by the 50/50 beam splitters. For a 2n-dimensional sorter, the
first quantum F -gate is effectively a 1-to-2n splitter and it re-
quires 2n − 1 beam splitters. The second quantum F -gate,
however, needs (n+2) ·2n−1−1 beam splitters and the calcu-
lation is as follows. Assume a d-dimensional F -gate requires
N(Fd) beam splitters. Then we will have the following recur-
sive relation [5]
N(F2d) = 2 ·N(Fd) + d (13)
With the knowledge that N(F2) = 1, we can arrive at the
following equation N(Fd) = (d/2) · log2d. Setting d = 2n,
we will have N(Fd=2n) = n · 2n−1. So the total number of
beam splitters is n · 2n−1 + 2n − 1 = (n+ 2) · 2n−1 − 1 for
the multi-channel interferometer.
As for the cascading interferometer presented in the pri-
mary article, we will need 2n− 1 Mach-Zenhder interferome-
ter (MZI) to sort 2n modes, and each MZI requires two beam
splitters. So the total number is 2 · (2n − 1) = 2n+1 − 2. It
can be readily verified that 2n+1− 2 < (n+2) · 2n−1− 1 for
n ≥ 2 .
(2) A multi-channel interferometer requires that all paths
remain in-phase simultaneously. This can cause a serious
challenge for experimental realization as any phase mismatch
will compromise the functionality of all output channels. In
contrast, if one of the sorter paths in the cascading scheme is
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FIG. 1. Generated radial modes in the Fourier plane and image plane.
not in-phase, the system continues to properly operate for the
channels that do not utilize the mismatched path.
(3) The conventional quantum F -gate is usually composed
of 50/50 beam splitters and phase shifters [5], and thus it al-
ways has a dimensionality of d = 2n, where n is an integer.
Thus it would be difficult to realize a sorter with a dimension-
ality that is not a power of 2. Taking the first quantum F -gate
as an example, one would need to use 33/67 beam splitters
to build a d = 3 system, and 20/80 beam splitters for d = 5
system. Considering this, the cascaded approach is simpler
to realize due to the commercial availability of 50/50 beam
splitters.
II. EXPERIMENTAL DETAILS
In this section we describe the experimental details of our
setup. We use a combination of waveplates as a geometri-
cal phase shifter, which can provide a continuously adjustable
control on the phase of the travelling beam. Also the imple-
mentation of the two-dimensional quantum F -gate by the po-
larizing beam splitter (PBS) and half waveplate (HWP) is dis-
cussed. We also describe how we generate the LG modes used
in this experiment.
A. Geometrical phase shifter
In our setup the SLM only modulates the horizontally polar-
ized light, thus the prepared state is horizontally polarized au-
tomatically, and the polarization state vector can be expressed
as P = [1 0]T , where the superscript T means the transpose
of a vector. The geometrical phase shifter is composed of two
quarter waveplates (QWP) and a HWP. The two QWPs are
45◦ oriented while the HWP between them has an angle of θ.
The Jones matrix of the geometrical phase shifter is calculated
to be
M =
√
2
2
[
i 1
1 i
]
·
[
cos 2θ sin 2θ
sin 2θ −cos 2θ
]
·
√
2
2
[
i 1
1 i
]
=
[−e−i2θ 0
0 ei2θ
] (14)
Going through the waveplates will lead the state vector to
be P′ = M · [1 0]T = −e−i2θ[1 0]T . Hence, by adjust-
ing the angle of the HWP, we can induce an arbitrary phase
shift, which is equivalent to the piezoelectric actuator. We
emphasize that our proposed sorting method is intrinsically
polarization-independent, and the PBS and HWP can be re-
placed by the non-polarizing beam splitter (NPBS) while the
geometrical phase shifter can be replaced by a piezoelectric
actuator for a polarization-independent application.
B. Two-dimensional quantum F -gate
The two-dimensional quantum F -gate performs the follow-
ing transform
Fˆ
[
|p〉 ⊗ |k〉
]
=
1√
2
(|p〉 ⊗ |0〉+ exp(ipi) |p〉 ⊗ |1〉) (15)
As can be seen, this two-dimensional quantum F -gate will
split the mode into two copies with an extra phase on one of
them. Since we can always adjust the phase by the geomet-
rical phase shifter, by applying a non-polarizing beam splitter
(NPBS) we can effectively form this F -gate. Hence, the two-
dimensional sorter which consists of two quantum F -gates
and a quantum Z-gate has a structure similar to the Mach-
Zehnder interferometer. However, the NPBS should possess a
50/50 splitting ratio, which is not always true for the commer-
cially available broadband NPBS. Here we replace the first
NPBS by a HWP and a PBS. Remember that the incident
beam is automatically horizontally polarized due to the SLM,
so we can always rotate the polarization angle and control the
splitting ratio. After a HWP which can rotate the polarization
by 45◦, the two beams split by the first PBS are horizontally
and vertically polarized, respectively. The second PBS will
recombine the two beams after the geometrical phase shifter.
However, they cannot interfere due to their orthogonal polar-
izations. Then we can again apply a HWP to rotate two beams
by 45◦ and then split the beam by another PBS, which forms
the second F -gate. Now the beam in each output port will
have the same polarization and can interfere effectively. By
aligning the rotation angle of the HWP, we can reach an arbi-
trary splitting ratio and can also help compensate the possible
unequal loss in two paths.
C. Radial mode generation
To prepare the radial modes, we imprint the computer
generated hologram on a spatial light modulator (SLM) [6].
The binary phase grating will generate the mode at the first
4diffraction order, which can be separated by using a Fourier-
transforming lens. To verify the quality of generated mode, it
is necessary to check the mode on not only the Fourier plane
but also the image plane ( which can accessed by performing
a second successive Fourier transformation). The generated
mode on two planes by our setup are presented in Fig. 1. We
note that the polarization state of the light beam on the SLM
should be aligned according to the SLM requirement in order
to minimize interference with the strong zeroth-order light.
We use a 1500 mm lens along with an iris to separate the
first order diffracted beam. In order to increase the fidelity
of the generated beam, we have applied an additional phase
term to the computer generated hologram to correct for spher-
ical aberration, astigmatism and the coma, which are typically
caused by the imperfections in the system.
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